We study the effects of the Gauss-Bonnet term on the energy spectrum of inflationary gravitational waves. The models of inflation are classified into two types based on their predictions for the tensor power spectrum; red-tilted (n T < 0) and blue-tilted spectra (n T > 0), respectively, and then the energy spectra of the gravitational waves are calculated for each type of model. We find that the gravitational wave spectra are enhanced depending on the model parameter if the predicted inflationary tensor spectra have a blue-tilt whereas they are suppressed for the spectra that have a red-tilt. Moreover, we perform the analyses on the reheating parameters involving the temperature, equation-of-state parameter and the number of e-folds using the gravitational wave spectrum. Our results imply that the Gauss-Bonnet term plays an important role not only during inflation but also during reheating whether the process is instantaneous or lasted for a certain number of e-folds until it thermalizes and eventually completes. 
I. INTRODUCTION
Cosmic inflation [1] [2] [3] is widely believed to be a successful paradigm for the early universe that solves major problems in Standard Big Bang Cosmology. It also predicts the scale invariant spectrum of the anisotropies of Cosmic Microwave Background (CMB) and provides the seeds to the large scale structure of the universe [4] [5] [6] [7] [8] . Moreover, inflation predicts the generation of the primordial gravitational wave (pGW), the ripples in the curvature of spacetime. The existence of the pGW background can be confirmed indirectly by the detection of the B-mode CMB polarization, which is induced by the tensor fluctuation modes [9] [10] [11] [12] , and directly by the on-going and the future mission concepts of the groundand space-based laser interferometric detectors and the pulsar timing experiments [13] [14] [15] .
The temperature of the universe during the period of inflation became almost zero, hence it is necessary to reheat the universe after inflation came to the end. In order to reheat the universe, the inflaton field is considered to be oscillating around the minimum of its potential, and it transfers its energy to a plasma of the standard model particles. This period, a transition era between the end of inflation and the beginning of radiation-dominated era, is known as the reheating epoch. Because no direct cosmological observations are traceable this period of reheating, the physics of reheating is highly uncertain and unconstrained.
Thus, this era depends heavily on models of inflation.
The universe is transparent to the gravitational waves up to the Planck era. The detection of the pGW background by the future observation would open up a new window in exploring the early universe; particularly, the reheating era. It was also claimed that the temperature of reheating and the equation-of-state parameter during reheating can be probed by looking at the spectrum of the GW background [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . Therefore, in this work, we consider inflationary models with a Gauss-Bonnet (GB) term to estimate the energy spectrum of the pGW and to provide constraints on the reheating parameters. Inflationary models with a GB term is not uncommon, and it is well studied in the context of inflation and the pGW [28] [29] [30] [31] [32] [33] , as well as for reheating [34] [35] [36] .
Following the approach proposed in Refs. [37] [38] [39] [40] , we perform the analyses on the reheating parameters including the equation-of-state, duration, and the temperature of reheating.
Since the reheating parameters are often linked to the observable quantities of inflation such as the scalar and tensor spectral indices, their running spectral indices, tensor-to-scalar ra-tio, and the number of e-folds during inflation, one can provide constraints on the model parameters in light of current and the future observation [4-8, 41, 42] .
The paper is organized as follows. In section II, we review the basics of inflationary models with a GB term and the observable quantities. We classify inflationary models with a GB term into two types in section III; models that predict the inflationary tensor power spectrum with a red-tilt and those with a blue-tilt, respectively. With these models, we calculate the energy spectrum of the pGW in section IV. Motivated by the fact that the reheating temperature can be determined by the detection of the pGW background, we further perform the analyses on the reheating parameters and provide constraints on those parameters in section V. Finally, the summary and the conclusion of the present work are provided in section VI.
II. REVIEW: GAUSS-BONNET INFLATION
We consider the following action that involves the Einstein-Hilbert term and the GB term coupled to a canonical scalar field φ through the coupling function ξ(φ) [28] [29] [30] [31] [32] ,
where
is known as the GB term and
is the reduced Planck mass. In the flat Friedmann-Robertson-Walker(FRW) universe with the scale factor a,
the background dynamics of this system yields the Einstein and the field equations,
where the dot represents the derivative with respect to the cosmic time t, H ≡ȧ/a denotes the Hubble parameter, V φ = ∂V /∂φ, ξ φ = ∂ξ/∂φ, andξ impliesξ = ξ φφ . The coupling function ξ(φ) is necessary to be a function of the scalar field; otherwise, the background dynamics will not be affected by the GB term.
In the context of slow-roll inflation, in which the friction term in Eq. (5) is dominating and φ is considered to be slowly rolling down to the minimum of its potential, we define the slow-roll parameters,
These parameters can be also expressed in terms of the potential and the coupling functions
The amount of the inflationary expansion is encoded in the number of e-folds, N ,
where the subscript " * " indicates the moment when a mode k crosses the horizon during inflation. The primordial power spectra of the scalar and the tensor perturbations at the time of horizon crossing are calculated in Ref. [30] as
ln k, and r = P S /P T . If the potentials V (φ) and the coupling function ξ(φ) are given, it is straightforward to calculate Eq. (20) by using Eqs. (7)- (12) . Thus, the theoretical predictions of any particular model of inflation obtained through Eq. (20) can be tested by the observational data [7, 8] .
III. GAUSS-BONNET INFLATION MODELS
The standard models of inflation discussed in Refs. [7, 8] predict a slightly red-tilted primordial tensor power spectrum, i.e. n T < 0 with |n T | 1. However, the spectrum of the inflationary tensor perturbations could have a blue tilt n T > 0 [43, 44] . Therefore, any evidence of the blue-tilted tensor mode spectrum would support non-standard models of inflation. In this section, we consider two types of inflation models with a GB term based on their predictions for the n T ; a positive and a negative. 1 The models that predict the inflationary tensor power spectrum with a red tilt (n T < 0) are classified as the Model-I whereas those that predict the blue-tilted inflationary tensor power spectrum are grouped 1 We exclude the scale invariant case where n T = 0 in the present work.
as the Model-II. In order for the tensor mode spectrum to have a red-tilt (blue-tilt), the slow-roll parameter in Eq. (20) has to be negative (positive). could be positive if the potentials and the coupling functions must satisfy the following conditions from Eq. (7),
Among several successful inflationary models that satisfy these conditions [29] [30] [31] , we consider the power law potential with an inverse monomial coupling and identify this model as
Model-I. The inflaton potential and the coupling function for Model-I are given by
where V 0 is a dimensionless constant and n > 0 is assumed. From Eqs. (14) and (20), the observable quantities are obtained in terms of N * as
where α ≡ 4V 0 ξ 0 /3. One can see from the above equations that the tensor spectral index for Model-I is always negative as long as n > 0 hence the inflationary tensor power spectrum has a red tilt, n T < 0. The tensor-to-scalar ratio r is suppressed for a positive α while it is enhanced for a negative α.
In order for to be negative, the potential and the coupling functions satisfy the following conditions from Eq. (7):
This kind of model is identified as Model-II. We take the following potential and the coupling function for this type, which was first introduced in Ref. [32] , as
where µ > 0 is assumed. From Eqs. (14) and (20), the observable quantities are obtained as,
Since n S is well constrained by the current observation, the range of the model parameter µ can be determined from Eq. (24) to be µ = 2/(1 − n S ) − N * ∼ O(10) where 40 ≤ N * ≤ 70 is assumed. n T is positive as long as N * > 1, which is necessary condition for inflation to successfully solve the horizon and the flatness problems of standard big bang cosmology.
Thus, the inflationary tensor power spectrum of Model-II always has a blue-tilt, n T > 0. 
FIG. 1:
The marginalized 68% and 95% confidence level contours for n S and r 0.002 from Planck2015 TT+lowP [8] and the theoretical predictions of models in Eqs. (21) and (23) .
The red dots indicate Model-I with fixed α = 0 but varying n. The parameter α then grows from zero to unity along each n = 1 (dotted), n = 2 (dashed), and n = 4 (dot-dashed) lines.
For Model-II, the black solid line, the values of µ also increase from larger blue end-point to smaller one; where 10 −4 < µ ≤ 50. The e-folding number is set to N * = 60 along each line.
We plot the theoretical predictions of Model-I for n = 1 (dotted line), 2 (dashed line) and n = 4 (dot-dashed line) and Model-II (solid line) when N * = 60 against the observational data [8] in n S − r plane in Figure 1 . Red dots indicate the predictions for α = 0 which corresponds to the standard single-field slow-roll inflation model. One can find from Eq. (22) that n s is independent of α but r is decreasing as α (> 0) is increasing and r = 0 if α = 1. Therefore, the vertical dotted, dashed, and dot-dashed lines in Figure 1 represent the effect of α on r for n = 1, 2 and n = 4, respectively. In this work, we limit our interests only on 0 ≤ α ≤ 1. The predictions of Model-II are plotted in solid line with 0 < µ ≤ 50
where the big blue dot corresponds to µ = 0. By using the observational best-fit value for n S = 0.9655 ± 0.0062 [8] , we get the upper limit of the tensor-to-scalar ratio for Model-II to be r 0.0032 for N * = 50 and r 0.0022 for N * = 60 which are nearly insensitive on µ.
Further details of the each inflation model can be found in corresponding references [29] [30] [31] [32] .
IV. PRIMORDIAL GRAVITATIONAL WAVES INDUCED BY THE BLUE-TILTED AND RED-TILED TENSOR SPECTRA
We discussed two types of GB inflation models in the previous section. In this section, we calculate the energy spectrum of the pGW background for selected models; Model-I and
Model-II.
We start the present section by reviewing a formalism to calculate the energy spectrum of the pGW background. The pGWs are described by a tensor part of the metric fluctuations in the linearized flat FRW metric of the form
where h ij is symmetric under the exchange of indices, and satisfies the transverse-traceless
The tensor perturbation can be expanded in Fourier space
where λ denotes each polarization state of the tensor perturbations and λ ij is the symmetric polarization tensor, which satisfies the transverse-traceless condition and is normalized by
λλ . The GW energy density ρ GW is defined by ρ GW = −T 0 0 and can be written as
where the bracket . . . indicates the spatial average. The strength of GW is characterized by their energy spectrum, which is written by
p is the critical density and H 0 is the present Hubble constant, which is measured by the observation as H 0 = 100h 0 km s −1 Mpc −1 with h 0 = 0.6731 [8] . By using Eqs. (27) and (28), we rewrite
where P T is the power spectrum of the pGW observed today and is related to that of the inflationary one P T (k) through the transfer function T (k) as follows
The inflationary power spectrum for the tensor perturbations can be parameterized as follows
where k * is the reference pivot scale. The amplitude P T (k * ) is often characterized by the tensor-to-scalar ratio r as P T (k * ) = rP S (k * ) where P S (k * ) is well measured by the observation as ln(10 10 P S ) = 3.089
The transfer function reflects the evolution of GWs after horizon re-entry hence it depends on the thermal history of the universe. One can attempt a task to calculate the transfer function by numerically integrating the evolution equation for the pGW following Refs. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The evolution equation of the pGW for our models is given by [32] ,
or inside the horizon (k aH) where the amplitude begins to damp
The exact solutions for z ∝ |τ | q , c 2 T = const. are
where ν = 1/2 − q.
For modes that re-enter the horizon during the matter dominated (MD) era, the solution to Eq. (32) evolves as h λ,k ∼ 3j 1 (kτ )/(kτ ) [16] [17] [18] 44] for z T ∼ a ∼ τ 2 where we have assumed the GB effect is negligible during matter dominated era. The changes in the relativistic degrees of freedom g * (T in ) and their counterpart g * s (T in ) for entropy give another damping factor, see the third and fourth terms on the right-hand side of Eq. (36) [18] .
Here T in is the temperature of the universe at which the mode re-enters the horizon. The amplitude of modes that re-enter the horizon before matter and radiation equality would be suppressed by the expansion of the universe. The suppression should be larger for modes re-enter the horizon earlier, as g * and g * s would be larger than those for modes that re-enter the horizon later, see the mid-frequency range in Figure 3 . However, the modes that re-enter the horizon during MD era should not be affected by changes in the g * and g * s as they do not change during MD era [18] . Taking all these into account, a good fit to the transfer function is given by
where Ω m h 2 0 = 0.1344 is the matter density of the universe, g * s (T th ) is the effective number of light species for the entropy at the end of reheating and T th is the reheating temperature, and the subscript "0" denotes that the quantity is evaluated at the present time [8] . In the kτ 0 → 0 limit, the first spherical Bessel function becomes j 1 (kτ 0 ) = 1/( √ 2kτ 0 ) where
is being the present conformal time. The transfer functions T 2 1 (k/k eq ) and T 2 2 (k/k th ) are calculated by numerically integrating Eq. (32) . For modes that re-enter the horizon before or after matter and radiation equality, we get
Mpc −1 is the comoving wavenumbers corresponding to the scale at the time of matter and radiation equality. The transfer function for modes that re-enter the horizon after the end of inflation and before the end of reheating is calculated as
where k th = 1.7×10 13 Mpc −1 (g * s (T th )/106.75) 1/6 (T th /10 6 GeV) is the comoving wavenumber corresponding to the scale at the time of the completion of reheating when the universe became radiation dominated. 3 The coefficients γ and σ are different for different inflationary models. In Figure 2 , we plot the result of Eq. (38) 
where the frequency relation, k = 2πf , is used. The quantities n T , α T , and r are the functions of the slow-roll parameters. However, they can be expressed in terms of n S and 3 The coefficients of the transfer functions depend on the choice of reference wavenumber, k eq and k th .
the model parameters α and µ through Eqs. (22) and (24) once the potential and coupling functions are given. For selected models from the last section, we obtain:
Model-II : r = 8(n S − 1)
We plot the frequency dependence of the energy spectrum from Eq. (39) for Model-I with n = 2 and Model-II in Figure 3 . Along with the predicted energy spectrum, the sensitivities of the future space-based laser interferometric experiment DECIGO [15] ; including correlated-DECIGO and ultimate-DECIGO (single), are presented.
As we can see in Figure 3 , both Model-I and Model-II predict observable GW spectrum around frequency 0.1 − 10 Hz. The amplitude of the pGW spectrum sourced by Model-I is suppressed as α increases, see Figure 3 (a). On the other hand for Model-II, the amplitude is enhanced for increasing values of µ as is seen in Figure 3(b) . In the figure, we used observationally preferred values of α and µ from Figure 1 ; namely, 0 ≤ α ≤ 1 for Model-I and 0 < µ 50 for Model-II. The running of the spectral index of the tensor perturbations, α T , further suppresses (enhances) the spectrum for Model-I (Model-II ) as frequency increases as is seen in Figure 3 (c) (Figure 3(d) ) where the spectra with and without α T are compared.
This suppression (enhancement) implies that α T is negative (positive).
Although the amount of suppression or enhancement of the energy spectrum is determined by the value of the model parameters (α and µ), the bending frequency of the spectrum depends only on the reheating temperature T th . In Figure 3 , for simplicity, we set the reheating temperature to be T th = 10 N th in the next section. As we mentioned before, the suppression of the spectrum between −12 Hz f 10 −8 Hz in Figure 3 is due to the changes in the relativistic degrees of freedom g * and its counterpart for entropy g * s , the third and fourth terms in Eq. (36) [18] . 
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FIG. 3:
The frequency dependence of the energy spectrum for Model-I and Model-II together with sensitivities of the DECIGO [15] . We set n S = 0.9655 and T th = 10 8 GeV for If the pGW induced by inflationary models are detected, one of the important consequences would be its constraint on the reheating temperature T th , which can be determined through the relation f th 0.27 × 10 13 Mpc −1 (g * s (T th )/106.75) 1/6 (T th /10 6 GeV). We, therefore, aim in this section to perform the analyses on the reheating parameters for Model-I
and Model-II. Since the reheating process is very sensitive to the shape of the potential as well as the coupling function, we limit our discussions only for Eqs. (21) and (23) We start our computation by considering a mode with comoving wavenumber k * which crosses the horizon during inflation at a = a * . The comoving Hubble scale at the horizon crossing, a * H * = k * , is related to that of the present time through the following relation,
a end a th a th a eq a eq a 0
where a 0 , a * , a end , a th , and a eq denote the scale factor at the present time, time of horizon crossing, end of inflation, end of reheating, and the time of mater and radiation equality whereas H 0 and H eq are being the Hubble constant at the present time and the time of matter and radiation equality, respectively. We rewrite Eq. (42) in terms of the number of e-folds N as
where N * ≡ ln(a end /a * ) is the number of e-folds between the time when a mode exits the horizon and the end of inflation, and N th ≡ ln(a th /a end ) is the number of e-folds between the end of inflation and the end of reheating. Assuming that no entropy production took place after the completion of reheating, one can write [37] [38] [39] [40] a th a 0
where T 0 is the current temperature of the universe. The reheating temperature T th determines the energy density ρ th at the end of reheating,
where g * (T th ) is the number of relativistic degrees of freedom at the end of reheating. On the other hand, ρ th is related to the energy density at the end of inflation, ρ end , through N th and ω th [37] [38] [39] , ρ th = ρ end e −3(1+ω th )N th .
The ρ end is a model dependent quantity and is determined by the potential at the end of inflation V end as follows,
where λ end is an effective ratio of kinetic energy to potential energy at the end of inflation.
In our case, however, it includes the effect of the Gauss-Bonnet term and is calculated as follows (see Appendix A),
Substituting Eqs. (45)- (47) 
where ω th = 1/3 is assumed. If ω th is larger (smaller) than 1/3 in Eq. (50), the sign of the factor in front of the parentheses is positive (negative). Since N th ≥ 0, we obtain N * ≥ N extra for ω th > 1/3 or N * ≤ N extra for ω th < 1/3, where
The expression for the reheating temperature is derived from Eqs. (45)- (46),
(1+ω th )N th .
The reheating temperature reaches to its maximum value if N th = 0 or N * = N extra , which implies that reheating occurs instantaneously after the end of inflation. From Eqs. (50) and (52), we see that N th and T th are linked to the inflationary quantities through λ end , V end , N * , and H * . These quantities need to be calculated for each model we consider in this work.
Inflation ends when the slow-roll parameters ( or δ 1 ) become order of the unity; (φ end ) 1 or δ 1 (φ end ) 1. Substitution of Eqs. (21) and (23) into Eqs. (7) and (10), therefore, gives the inflaton value at the end of inflation, φ end . Once φ end is obtained for both Model-I and Model-II, one can also calculate V end and λ end as follows,
Model-II :
where x is a function of µ given by
and
The detailed calculations for Eq. (54) are given in Appendix B. Notice from Eq. (50) that λ end must be positive for both models. In order for Model-I to yield λ end > 0, the model parameter must be in the range
In Figure 1 , we found that 0 ≤ α ≤ 1 range is favored by the observations at least in 2σ confidence level. For reheating, however, the positivity of λ end in Eq. (50) puts another strong constraint on the model parameter. The parameter space of α therefore reduces for n > 0. Thus, we emphasize that reheating can be used as an additional constraint to the models of inflation. On the other hand, for Model-II, it is not simple to obtain the range of µ from Eq. (54) that gives λ end > 0. However, we can show the allowed range of µ numerically as is seen in Figure 4 . One can notice from Figure 4 that λ end diverges above a certain value of µ (∼ 0.3517). Thus, we consider 0 < µ ≤ 0.3517 in our numerical analyses in the following. The Hubble parameter at the time of horizon crossing is obtained by substituting φ * (N * ) into the slow-roll limit of Eq. (3),
where we have used from Eq. (14)
Model-II : κφ * = sinh
In obtaining Eq. (61), large field inflation (φ * φ end ) is assumed. Here, N * can be expressed in terms of n S , n and µ from Eqs. (22) and (24) .
Having obtained these quantities, we can proceed to our numerical investigation on the reheating parameters. We plot Eqs. (50) and (52) in Figures 5 -8 for Model-I and Model-II with ω th = const. We choose four different values for ω th ; namely, ω th = −1/3 (solid lines), 0 (dashed), 1/4 (dot-dashed), and 1 (dotted). The smallest possible value for ω th comes from the requirement that inflation has to end when w th = −1/3 whereas the largest value ω th = 1, the most conservative upper limit, comes from the causality. The values ω th = 0 and ω th = 1/4 are suggested by the literature on reheating [39] .
We plot Model-I with n = 1, 2, and 4 case in Figure 5 where the black lines indicate the absence of the GB term (α = 0) while the red ones correspond to the presence of the GB term (α = 0). The different curves correspond to different ω th . However, all curves intersect to the N th = 0 points, at which the instant reheating occurs. Each dots represent different α and α increases from black dot to red dot. The background green shaded region corresponds to the current 1σ range n S = 0.9655 ± 0.0062 from Planck data [8] while the yellow band assumes the future CMB experiments with sensitivity ±10 −3 [41, 42] , using the same central cantly enhances the thermalization temperature at the end of reheating. Once reheating temperature is determined by the detection of pGW, other parameters including ω th and N th can also be determined with a help of Figure 5 and 7 in light of the current or future observational data.
VI. CONCLUSION
After a brief review on the basics, we discuss two types of inflation models with the GB term [29] [30] [31] [32] ; the models that predict red-tilted (n T < 0) primordial tensor power spectrum (Model-I ) given in Eq. (21) and those that predict blue-tilted (n T > 0) spectrum (Model-II )
given in Eq. (23) . For Model-I and Model-II, we estimated the energy spectrum of the pGW and the reheating parameters after GB inflation.
The expression for the energy spectrum of pGW background is calculated in Eq. (39), which is the main analytic result of section IV, and is plotted as a function of the frequency in Figure 3 for Model-I and Model-II. The amplitude of the pGWs for Model-I is suppressed
for increasing values of α because the inflationary tensor power spectrum given in Eq. (31) has a red-tilt for the positive α. On the other hand, the amplitude for Model-II is significantly enhanced as the model parameter µ increases, in which the inflationary tensor power spectrum is predicted to have a blue-tilt. Moreover, if the running of the tensor spectral index is considered in the estimation, the spectrum of Model-I is more suppressed whereas that of Model-II is more enhanced as the frequency increases, see Figure 3 (c) and 3(d). This implies α T < 0 for Model-I, but α T > 0 for Model-II. This indicates the running of the tensor spectral index found to be an important quantity for the detectability of the pGW background if the inflationary tensor power spectrum have a blue-tilt; for example, in 0.1 -1 Hz range by DECIGO [15] .
An important consequence of section IV is that the reheating temperature can be determined by the frequency at which the pGW background would be detected. If signals of the pGW induced by Model-I and Model-II are detected, the bound on the T th can be read off from Figure 3 . Since the signals of pGW produced by both Model-I and Model-II are observable by the DECIGO around f 0.1 − 10 Hz, the reheat temperature would be T th 10 6 GeV. Once the thermalization temperature at the end of reheating is determined, the other reheating parameters (the duration N th and equation-of-state ω th ) could also be determined.
In section V, we derived the reheating parameters after Gauss-Bonnet inflation in Eqs. (50) and (52) and showed the reheating parameters are highly sensitive to the presence of GB term for both models. By assuming the constant equation-of-state ω th parameter during reheating, and no entropy production took place after reheating, we numerically estimated the reheating parameters using our analytic results in Figures 5 and 7 . As the figures show the thermalization temperature at the end of reheating is significantly enhanced for both models due to the presence of GB term. Moreover, the duration of reheating can be read off from the upper panels of Figure 5 and 7 if the temperature T th determined. T th is assumed to be determined by the detection of the pGW in this work. Both Model-I and
Model-II support the equation-of-state parameter between −1/3 ≤ ω th ≤ 1. In the preferred range of ω th , the physically meaningful range of temperature from ∼ 100 GeV to around ∼ 10 16 GeV can be safely accommodated. An important consequence of this section that we emphasize is that reheating can be used as an additional constraint to the models of inflation and can reduce the parameter space.
We have reached to the conclusion that the GB term seems to be important not only during inflation but also during reheating whether the process is instantaneous or lasted for a certain number of e-folds until it completes. Once T th is determined, the other reheating parameters can be estimated in our models. Thus, it would be interesting to investigate the physics of reheating in light of forthcoming GW experiments. 
where x 1 = 2µ 3 + 9µ 2 − 27µ + 27(4µ 5 − 17µ 4 + 14µ 3 + 27µ 2 ) .
It is worth noting that x 1 is positive for µ > 0. However, x is positive for 0 < µ < 1 and is negative for µ > 1. When µ = 1, we have x = 0.
Solving sinh(κφ end ) = x for κφ end , we find the inflaton field value at the end of inflation 
and λ end gets λ end = 6µ 3/2 (x 2 + 1) 2 √ µ + x 6µ 2 (x 2 + 1) 2 − 3µ (x 2 + 3) + √ µx (5x 2 + 2) + 2x 2 + 6µ 3/2 x (x 4 + 4x 2 + 3) − 1 .
Since x is given in Eq. (B3) as a function of µ, both V end and λ end are functions only of µ.
As we mentioned earlier, λ end must be positive in order to yield N th ≥ 0. Thus, in Figure 4 , we plot the positive range of λ end as a function of µ. We see that λ end diverges around µ 0.3517. 
